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In this paper, we introduce a method to rapidly create 3D geometries by folding 2D sheets via pull-up nets. Given a 3D structure, we
unfold its mesh into a planar 2D sheet using a set of heuristic algorithms and populate these with cutlines and throughholes. We
develop a web-based simulation tool that translates users’ 3D meshes into manufacturable 2D sheets. After laser-cutting the sheet and
feeding thread through these throughholes to form a pull-up net, pulling the thread will fold the sheet into the 3D structure using a
single degree of freedom. We introduce the fabrication process and build a variety of prototypes demonstrating the method’s ability to
rapidly create a breadth of geometries suitable for low fidelity prototyping that are both load-bearing and aesthetic across a range of
scales. Future work will expand the breadth of geometries available and evaluate the ability of our prototypes to sustain structural
loads.
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Fig. 1. Our digital fabrication pipeline enables users to rapidly protoype 3D objects. It features a (Left) web-based tool for uploading
and rendering 3D meshes. The tool executes our unpacking algorithm which unfolds the mesh into a (Middle) planar sheet partitioned
into faces with throughholes in them. (Right) We fabricate these unfolded geometries on a laser cutter, route thread through the
holes, and pull the thread to fold the sheet back into its target structure.

1 INTRODUCTION

Methods for unfolding 3D polyhedral meshes into 2D sheets has been studied across mathematics, physics, mechanical
engineering and computer graphics [19][7]. Leveraging these methods to design 3D structures that can be fabricated as
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low-profile sheets, researchers have explored actuating these sheets using both embedded actuators in the form of shape
memory polymers [8, 14] and shape memory alloys [9] as well as using external activation via uniform heating [20]
and selective laser heating [13]. However, these techniques require embedding dedicated actuators into the laminate
materials as well as controlling the folding process online using dedicated machinery. Moreover, actuators must be
sufficiently low-profile to be embedded in the sheet, often limiting the candidates to material-based actuators such as
shape memory materials which are challenging to control and often cannot be activated bidirectionally. In addition, the
embedding of these actuators results in a thickening and weighing down of the laminate itself, compromising both
foldability and portability.

In this work, we introduce a method to rapidly create 3D geometries from 2D sheets using pull-up nets: a string
routed through the planar faces which can be pulled by a user to fold the sheet into its target 3D structure. This provides
a way to fold a sheet into its target shape using common string or nylon, with just a single actuated degree of freedom
which can be controlled by a user. While prior work has explored pull-up nets to fold 3D geometries [11], this was
restricted to manual fabrication designs for the 5 platonic solids; in our work, we provide a tool to automatically compute
these designs for all admissible geometries and introduce a digital fabrication pipeline to manufacture them. Given a 3D
target structure, this process unfolds its 3D mesh into a planar 2D sheet populated with cutlines and throughholes.
After laser-cutting the sheet and feeding thread through these throughholes to form a pull-up net, a user pulls on
the thread to fold the sheet into the 3D structure. We introduce the fabrication process and build several prototypes
demonstrating the method’s ability to rapidly create a breadth of geometries suitable for low fidelity prototyping across
a wide range of applications. These include load-bearing stools, regular polyhedra and organic geometries such as the
Stanford bunny, spanning a range of scales. We additionally develop a web-based simulation tool that translates 3D
meshes into manufacturable 2D sheets, providing an existing set of 141 polyhedra for users to use as well as a feature
allowing users to upload custom designs themselves.

This paper is structured as follows. We introduce related work in unpacking and folding between 2D sheets and 3D
structures, and introduce the algorithmic framework to our approach. We demonstrate their use in our user interface
which permits uploading 3Dmeshes and simulating the unfolding and folding stages. We highlight the digital fabrication
pipeline for fabricating structures based on the outputs of the user interface, and showcase a variety of fabricated
geometries that span both aesthetic and functional applications in the space of low fidelity rapid prototyping. Finally,
we highlight our method’s limitations and point to future avenues of research.

In summary, our paper contributes:

• An algorithm to unfold a 3D mesh into a planar 2D sheet populated with cutlines and throughholes compatible
with our pull-up net technique.

• A web-based user interface that accepts custom 3D meshes and outputs manufacturable 2D sheets, including a
pre-existing set of 141 polyhedra.

• A digital fabrication pipeline centering on a laser cutter to rapidly fabricate structures based on the outputs of
the user interface.

• A range of fabricated geometries that demonstrate our pull-up net method’s ability to rapidly create both aesthetic
and functional geometries spanning a range of applications in low fidelity rapid prototyping.
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Fig. 2. Unfolding a cube. (A) There are multiple potential “nets” for a cube but not all can be successfully pulled up to become a cube
again. (B) Potential successful ways for folding up from a 2D net to a cube. (C) Location of the string to pull up 2D net back to the 3D
cube (D) Even for the same 2D net, there can be many ways to route the string in order to to fold the 3D shape.)

2 BACKGROUND AND RELATEDWORK

2.1 Algorithms for Polyhedra Unfolding

The problem of unfolding a polyhedron into a non-overlapping net has challenged researchers for decades, and virtually
no guarantees exist for unfolding general polyhedra [6] [7]. The computational effort needed to search all possible
unfoldings suffers from combinatorial explosion as the size of the polyhedron increases. Even more challenging is
the solving the full “blooming” problem, which seeks to avoid collisions between faces as the polyhedron is unfolded
[18] [4]. Nevertheless, for simple polyhedral meshes, and for meshes with small dihedral angles, heuristic methods
offer promising results [17] [5]. Although few guarantees exist for finding non-overlapping nets, existing heuristic
algorithms have succeeded on thousands of polyhedra searched so far, including shapes with thousands of vertices and
faces [6] [17]. Certain guarantees exist for finding unfoldings, including restriction to convex polyhedra where faces
may also be cut [2], but the general problem of unfolding along edges remains open.

Fig. 3. Examples of folding 3D polyhedra using pull-up nets: By convention, one surface (in grey) of the unfolding nets remains fixed
during the folding procedure, helping stabilize the structure while users actuate the fold.
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2.2 Folding to Fabricate Structures and Machines

Origami-inspired folding paradigms as a means to fabricate complex geometries has become well recognized for its
uses within engineering. Folding techniques can be scaled effectively and used to automate remote self-assembly, and
planar structures are compatible with a wide range of manufacturing techniques such as pick-and-place to populate
them with components. Several actuation mechanisms in robotics, metamaterials, and art make use of string or other
filaments to join different pieces or actuate them along specific paths.

In particular, work on self-folding robots has led to the development of composite laminate materials, fabricated by
bonding together layers of different materials that include structural layers, embedded electronics, actuators and flexure
hinges, where actuators have ranged from shape memory polymers [14] and shape memory alloys [9] to pneumatically
activated polymer “pouches” [12]. These laminates are composed entirely of thin layers with embedded actuators,
whose 2D layouts are made using CAD (Computer Aided Design) software and bonded together, with the exception of
discrete electronic components that are soldered on to circuit layers that are part of the composite. In work closely
related to our own, Kilian et al [10, 11] computed and fabricated string actuation networks for a range of well known
but limited crease patterns for folded surfaces.

Despite the many advances in using origami-inspired folding to acquire target structures and robot geometries,
the embedded actuators have to date been difficult to control, and added significantly to the material thickness and
complexity; in parallel, unfolding techniques for string-actuated structures have been shown for only few target
shapes. In this paper we introduce a set of algorithms to fold a wide variety of 3D structures using pull-up nets: we
contribute a software tool to automatically compute these designs for wide variety of admissible geometries, including
141 pre-computed designs, and introduce a digital fabrication pipeline to manufacture them.
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Fig. 4. (a) Illustration of the algorithm to identify vertex sets that need to be joined by string. Color represents vertices of the net that
are joined; numbers represent the rigidity depth of each vertex. Small arrows indicate the direction of the search from each vertex.
Additionally, vertices of rigidity depth 1 do not need to be joined by string in order to assemble the final cube. In the 3D inset, cut
edges are indicated by dotted lines. (b) The same concept illustrated with a portion of a dodecahedron net. The vertices of depth 1
and 2 do not necessarily have to join in order to determine a fully-joined geometric structure. Adding strings between all of these
vertex pairs would require at least twice the amount of string, and would likely need to accommodate several sharp turns in its path,
therefore increasing friction during assembly and complicating the assembly process. Depending on the assembled object’s function
and expected load, this may be a worthwhile tradeoff for extra rigidity in the final structure.

3 ALGORITHMS

This section introduces our algorithm for constructing an optimal net and string path for a given 3D mesh (Figure 4).
Unfold the geometry We begin by generating unfoldings of the mesh using a set of heuristic algorithms, including

a steepest-edge cut tree, greatest-increase cut tree from Schlickenrieder [17] and a naive breadth-first unfolding from
Manuscript submitted to ACM
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the largest face. If no non-overlapping nets are found, we randomly split the mesh in half (e.g., by cutting along edges
that are nearest to a plane that passes through the center of mass) and repeat the search on each half.

Join vertices Next we use a breadth-first search to identify pairs of vertices that need to be joined (Figure 4): We
identify vertices in the net that are already adjacent to 𝑛 connected faces, where the vertex is adjacent to 𝑛 faces in
the 3D mesh. These vertices have a rigidity depth of 0. For each of these vertices: the vertex will be adjacent to two
boundary edges in the net. The vertices at the other ends of these edges will need to be joined, and we sore these two
vertices in a set and mark their rigidity depth as 1. Next, we join any sets with overlapping vertices. We finally iterate
this joining procedure through the vertices of rigidity depth 1, until all vertices have been marked.

Prune unwanted connectionsWe next remove unnecessarily joined vertices. The criteria for removing a vertex
from a joined set are: (1) if removing the vertex from the set leaves only one vertex, then the other vertex must also be
removed; (2) one of the vertices in the set must be connected by a single boundary edge to a joined vertex of greater
rigidity depth; and (3) removing the vertex must leave each face with at least three joined vertices.

Optimize string path Using the final set of vertex sets to be joined, we lastly find the string path that passes through
each pair of joined vertices which minimizes a combination of its turning angles and total length. If the mesh has been
partitioned into multiple pieces, we optimize the string path on each piece separately.

(a) (b)

Fig. 5. The web-based software tool. (A) Folding a cube. The interface allows users to upload or select a geometry file, applying our
folding algorithm to the geometry and rendering the computed net with holes at each stage in its folding procedure. (b) Rendering
the folding for a more complex mesh.
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4 WEB TOOL

We developed a web-based software tool based on our unfolding algorithm which allows users to upload their own
custom 3D meshes from which to generate folded structures to fabricate. Users may upload either 3D mesh files in the
OBJ file format, or existing nets in the SVG format; non-manifold meshes are rejected. In addition, an existing repertoire
of 141 meshes that we successfully unfolded can be selected from a drop-down menu. The tool executes the algorithm
on the chosen mesh and displays the mesh in the visualization window. Users can then render the folding procedure
using a sliding toggle.

The interface uses linear interpolation of edge folding angles to animate the assembly of the final shape. A “base”
face is chosen arbitrarily to remain stationary. We use the Netlib polyhedra database [? ] to avoid calculating unfoldings
for many well-known simple polyhedra, although the Netlib unfoldings may only be used for convex polyhedra that do
not allow faces to intersect. Animation and controls are made using the THREE.js Javascript library.

5 FABRICATED STRUCTURES

Fig. 6. Structures fabricated using our pipeline range from regular polyhedra to organic shapes, and from load-bearing to aesthetic,
across a range of scales.

Fig. 7. Larger structures can be rapidly fabricated by cutting and folding, leveraging material stiffness to serve in load-bearing
applications; here an assortment of stools and chairs.
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We fabricated a range of structures (Figure 6) that are both aesthetic and load-bearing (Figure 7), including both
traditional polyhedra (Figure 8) and organic shapes (Figures 9,1) across a range of scales to showcase the versatility of
this technique in rapidly producing complex geometries. We use a laser cutter to cut the unfolded geometries produced
by our web tool. We manually add cut holes where our algorithm selects them to appear, and then route string through
these using our web tool rendering as a guide. We used 1/16” chipboard and traditional knitting yarn to route through
holes. Once routed, we pulled the yarn to fold the sheets into their target shapes.

Fig. 8. Fabricating polyhedra. (A) Unpacked layouts of four simple 3D solids. (B,C,D,E) Fabricated structures during folding procedure.

Fig. 9. Fabricating organic shapes. (A) Rendering, (B) unpacking, and (C) fabrication of (above) a Stanford bunny.

6 LIMITATIONS AND FUTUREWORK

Having presented our digital fabrication pipeline. in this section we discuss the limitations of our approach and lay out
avenues for future work.

Algorithm Each of the four steps in our algorithm may be computationally costly without optimization. For both
physical and computational efficacy, this best suits smaller meshes with ≲ 100 (or even 50) elements. Additionally, not
all meshes may be unfolded into a single flat piece [3, 16]. This becomes a particular problem for meshes with excessive
hyperbolic vertices (where all adjacent faces meet with angles summing to more than 2𝜋 ), common in geometries
where convex polyhedral faces are extruded, or in periodic minimal surfaces. Although other assembly methods for
such geometries exist [15], we do not yet consider them suitable for our method.

String friction For an optimal string path, friction places limits on the length of the string, the number of holes, and
the severity of the string’s turning angle as it passes through the holes. Like a shoelace that is woven back and forth
between several holes at slender angles, friction at multiple points will prevent tension at one end of the string from
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diffusing equally to all parts of the string. During assembly of polyhedra with many faces, the string may therefore
require tension at several different points along its length to decrease the frictional resistance.

Web interface The interface generates vertex locations for routing string, but does not yet generate ready fabri-
cation files with holes at vertex locations, or indicate how to route string through each vertex, though this has been
straightforward to interpret for our geometries produced so far. Further work will seek to automate this for fabrication
on a laser cutter. It also does not currently support mesh editing features, but we plan to implement basic editing
algorithms in the future for coarsening, triangulation, and refinement.

Structure rigidity The constraint of small-complexity solids is required by a physical limitation as well. The rigidity
of the final solid decreases as more cuts are introduced; even if they are rejoined, our cut edges suffer from greater
softness than the rest of the structure. Due to the large number of cuts needed for a complete unfolding (for a closed
mesh, the cuts must reach every non-flat vertex), the complexity of the mesh can hinder the final object’s stability,
further descriptions of which we leave to future works. Additionally, there is a trade-off between reducing the number of
vertices explicitly joined by the string path and reducing the rigidity of the final structure (Figure 4). Another trade-off
lies in the material thickness: thicker material exacerbates folding difficulty while thinner material is less stiff and
tolerant to load-bearing. In future work we will seek to physically evaluate the load-bearing capacities of our structures.

String path A single 3D mesh can often be unfolded into different 2D surfaces (Figure 3C). While we optimize string
path by length and turning angles, we found that our algorithm’s selected design is not always the easiest to pull up;
more work is required to understand how to optimize for ease of fabrication.

7 CONCLUSION

In this paper, we introduced a method to rapidly create 3D geometries from 2D sheets using pull-up nets. We developed
an algorithm run by our web-based software tool that allows users to upload 3D meshes and generate their unfolded
geometries. We show how to fabricate these geomtries on a commercial laser cutter and route string through the faces
which can be pulled by a user to fold the sheet into its target 3D structure. The fabrication pipeline is simple, inexpensive
and obviates the need for significant design or fabrication expertise, letting users rapidly create large 3D geometries
using a 2D fabrication machines using just a single actuated degree of freedom controlled by the user. We fabricated a
variety of polyhedra and organic structures, and laid out the work’s current limitations and avenues for future work.
We believe this work introduces a low-fidelity rapid prototyping option for 3D structures that is inexpensive, easy and
rapid compared to existing methods, and serves a compelling alternative to more complicated material actuator-based
folding paradigms.
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